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Compared to fiber continuous-variable quantum key distribution (CVQKD), atmospheric link
offers the possibility of a broader geographical coverage and more flexible transmission. However,
there are many negative features of the atmospheric channel that will reduce the achievable secret
key rate, such as beam extinction and a variety of turbulence effects. Here we show how these
factors affect performance of CVQKD, by considering our newly derived key rate formulas for fading
channels, which involves detection imperfections, thus form a transmission model for CVQKD. This
model can help evaluate the feasibility of experiment scheme in practical applications. We found
that performance deterioration of horizontal link within the boundary layer is primarily caused by
transmittance fluctuations (including beam wandering, broadening, deformation, and scintillation),
while transmittance change due to pulse broadening under weak turbulence is negligible. Besides,
we also found that communication interruptions can also cause a perceptible key rate reduction
when the transmission distance is longer, while phase excess noise due to arrival time fluctuations
requires new compensation techniques to reduce it to a negligible level. Furthermore, it is found that
performing homodyne detection enables longer transmission distances, whereas heterodyne allows
higher achievable key rate over short distances.
I. INTRODUCTION
Nowadays quantum key distribution (QKD) [1]
through atmospheric turbulence channel over long dis-
tance has been realized [2–4], and satellite-to-ground dis-
crete variable quantum key distribution (DVQKD) [1]
over 1200 km has been verified recently [5]. However,
systems using single-photon detectors suffer from back-
ground noise [6], while homodyne or heterodyne detec-
tion with bright local oscillator (LO) acting as a filter
can reduce the background noise [7]. Experiments mea-
suring Stokes operators [8–13] have shown the filtering
effect of LO. Besides, quantum-limited coherent measure-
ments between a geostationary Earth orbit satellite and
a ground station has been conducted [14]. Nevertheless,
there is still no complete Gaussian-modulated coherent
state (GMCS) CVQKD [15, 16] experiments being re-
ported. Therefore, for future experiments and applica-
tions, it is quite necessary to analyze the atmospheric
effects on GMCS CVQKD.
Recently, an elliptical beam model [17, 18] considering
beam wandering, broadening and deformation has been
established for quantum light through the atmospheric
channel. The states of entanglement-based CVQKD
through fading channels have been deduced, and the se-
cret key rate without considering detection efficiency and
noise has also been calculated [19]. However, the detec-
tion efficiency and noise have significant impacts on the
final achievable key rate, and the atmospheric effects on
signal transmission are not only the three effects included
in the elliptical beam model but also many other effects
such as arrival time fluctuations, temporal pulse broad-
ening, angle-of-arrival fluctuations and scintillation [20].
Therefore, a comprehensive transmission model and cor-
responding performance analysis of CVQKD in the at-
mosphere are necessary.
In this report we consider GMCS CV-QKD horizon-
tal link on the surface of the earth. We deduce a new
achievable secret key rate for the atmospheric channel of
CVQKD scheme with imperfect homodyne and hetero-
dyne detection. Based on the deduced key rate formula,
we consider three key parameters that affect the key rate.
First, the transmittance change due to beam extinction
[21] and turbulence effects (temporal pulse broadening,
beam wandering, broadening, deformation, and scintilla-
tion) [22] are considered, where extinction likes the at-
tenuation in an optical fiber. Our results demonstrate
that beam wandering, broadening and deformation are
the main turbulence effects affecting the achievable key
rate. Second, we consider the communication interrup-
tion caused by angle-of-arrival fluctuations [20], and we
found that the interruption probability is noticeable in
the case of long-distance transmission. Third, we esti-
mate the excess noise caused by pulse arrival time fluctu-
ations which is found to be quite large. Based on the im-
pacts mentioned above, we conduct a performance anal-
ysis.
This paper is organized as follows. In section II, we de-
duce the achievable secret key rate over the atmospheric
channel. In section III, with the result of section II, we
show how atmospheric effects affect the performance of
GMCS CVQKD. In section IV, We consider all the im-
plications mentioned in section III and perform a perfor-
mance analysis. Finally we come to the conclusion and
discussion in section V.
II. SECRET KEY RATE THROUGH
ATMOSPHERIC CHANNELS
To investigate CVQKD in the atmospheric channel, we
first analyze the secret key rate through fading (fluctu-
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2ating) channels. The description of entanglement-based
(EB) GMCS CVQKD over the fading channel is shown
in FIG. 1. Alice and Bob share an entangled state gen-
erated by the EPR source with variance V . One mode of
the entangled state, B0 is transmitted to Bob through a
fading channel characterized by a distribution of trans-
mittance T , and Bob performs homodyne or heterodyne
detection to measure field quadratures. The imperfection
of the detector is described by detection efficiency η and
electronic noise υel contained in variance ν.
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FIG. 1. Entanglement-based CVQKD over a fading (fluctu-
ating) channel. HD, homodyne detection; BS, beam splitter.
In the asymptotic regime, the secret key rate K is given
as [23]
K = βIAB − χBE, (1)
where β is the reconciliation efficiency, IAB is the Shan-
non mutual information of Alice and Bob, and χBE is the
Holevo quantity, which can be expressed as [24]
χBE = S(ρE)−
∫
dmBp(mB)S(ρ
mB
E ), (2)
where mB represents the measurement of Bob, p(mB)
represents the probability density of the measurement,
ρmBE represents the eavesdropper’s state conditional on
Bob’s measurement result, and S(·) represents the Von
Neumann entropy.
To calculate IAB and χBE, we first need to find the
covariance matrix after fluctuating channels. The co-
variance matrix of a two-mode squeezed vacuum state
generated by the EPR source is given as
γAB =
(
V I
√
V 2 − 1σz√
V 2 − 1σz V I
)
, (3)
where I = diag(1, 1) is the unity matrix and σz =
diag(1,−1) is the Pauli matrix. After a channel with
excess noise ε and random variable transmittance T , the
covariance matrix becomes [19]
γAB1 =
(
V I 〈√T 〉√V 2 − 1σz
〈√T 〉√V 2 − 1σz 〈T 〉(V + 1/〈T 〉 − 1 + ε)I
)
.
(4)
It can be seen from Eq.(4) that the influence of the fading
channel is primarily reflected in 〈T 〉 and 〈√T 〉. Thus,
considering the detection efficiency η and electronic noise
υel, we can obtain the mutual information of Alice and
Bob for homodyne detection
IhomAB =
1
2
log2
1
1− 〈
√
T 〉2(V−1)
〈T 〉(V+χhomf )
, (5)
where χhomf = (1 + υel)/η〈T 〉− 1 + ε, and for heterodyne
detection
IhetAB = log2
1
1− 〈
√
T 〉2(V−1)
〈T 〉(V+χhetf )
, (6)
where χhetf = 2(1 + υel)/η〈T 〉 − 1 + ε.
We can also estimate the Holevo quantity χBE based
on Eq.(4), which can be simplified to [24]
χBE =
2∑
i=1
G(
λi − 1
2
)−
5∑
i=3
G(
λi − 1
2
), (7)
where G(x) = (x + 1) log2(x + 1) − x log2 x. Neverthe-
less, the five symplectic eigenvalues in [24] can not be
used directly. Thus, we deduce the symplectic eigen-
values of both homodyne and heterodyne detection for
fading channels (for details see Appendix A). It is note-
worthy that the results presented in Appendix A are not
only applicable to the atmospheric turbulence channel
but also to other channels whose transmittance changes
randomly, such as underwater channels.
However, for the atmospheric channel which may cause
angle-of-arrival fluctuations, Eq.(1) should be revised to
Katm = (1− P )(βIAB − χBE), (8)
where P stands for interruption probability due to angle-
of-arrival fluctuations. The details of angle-of-arrival
fluctuations for Eq.(8) will be demonstrated in section
III D.
III. ATMOSPHERIC CHANNEL EFFECTS ON
CVQKD
The secret key rate demonstrated in Eq.(8) indicates
that parameters (T , ε and P ) closely related to at-
mospheric effects should be analyzed in depth so that
we can approximately assess the performance of atmo-
spheric CVQKD by developing the method proposed in
Ref. [19]. In this section, some well-developed models
in atmospheric optical communications will be employed
to accomplish the assessment of performance, in which
we will build links between the models and atmospheric
CVQKD, and show how much influence would be. Be-
sides, a new phase excess noise caused by pulse arrival
fluctuations will be derived.
Atmospheric channel effects primarily include beam
extinction and turbulence effects. On the one hand,
extinction is caused by absorption and scattering by
molecules and aerosol which leads to attenuation of light
3intensity. On the other hand, random variations in the
refractive index of atmosphere may cause pulse tempo-
ral broadening, transmittance fluctuations (signal fad-
ing), communication interruptions, and extra phase ex-
cess noise.
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FIG. 2. Schematic diagram of prepare-and-measure GMCS
CVQKD.
In this paper, we consider that (temporal and spatial)
Gaussian beam is transmitted horizontally on the surface
of the Earth, as depicted in Fig. 2. Time and polariza-
tion multiplexed LO and signal pulses are generated by
the GMCS module and collimated by the telescope. Sub-
sequently, the pulses that undergo turbulence and extinc-
tion, are collected by a telescope and measured by coher-
ent detector, i.e., homodyne or heterodyne. It is note-
worthy that LO can also be generated in Bob’s terminal
[25, 26]. This ”local” LO scheme is capable of avoiding
loopholes due to sending LO through the channel, but
not mature relative to the scheme of simultaneous trans-
mission of LO and signal, which has been developed over
15 years since the first experiment [16]. In order to inte-
grate with optical fiber systems, the wavelength of laser
is chosen as 1550 nm which is also in the atmospheric
transmission window. The Rytov variance is employed
to describe the strength of turbulence which is given by
[22]
σ21 = 1.23C
2
nk
7/6L11/6, (9)
where k = 2pi/λ is the optical wave number, λ is the
wavelength of light, L is the horizontal propagation dis-
tance, and C2n is the index of refraction structure param-
eter. Many models of C2n have been proposed over the
years [27]. However, since the link is assumed to be lo-
cated within the boundary layer, it is rather reasonable to
assume C2n (median) to be constant as shown in Table I,
which are based on results of long-term radiosonde mea-
surement conducted in Hefei, Anhui, China [28]. Now
let us estimate the impact of atmospheric effects on the
performance of CVQKD.
TABLE I. The values (median) of C2n within the boundary
layer of four seasons.
Spring Summer Autumn Winter
C2n
m−2/3 × 10−15 2.03 2.12 5.56 7.46
A. Transmittance: Beam Extinction
For CVQKD, beam extinction means that the trans-
mittance associated with wavelength and propagation
path decreases as transmission distance increases. For
horizontal paths, the transmittance is given by [21]
Text(L) = e
−α(λ)L, (10)
where the total extinction coefficient α(λ) comprises the
aerosol scattering, aerosol absorption, molecular scatter-
ing, and molecular absorption terms:
α(λ) = αaersca(λ) + α
aer
abs(λ) + α
mol
sca (λ) + α
mol
abs (λ). (11)
There are some models that can be used to estimate the
transmittance of a particular environmental conditions
for CVQKD, such as LOWTRAN, MODTRAN and FAS-
CODE [21]. It is assumed that the horizontal link is
located in the mid-latitude countryside and has a vis-
ibility of 23 km, then the extinction coefficients can be
estimated by LBLRTM [28]. Since C2n in spring and sum-
mer are close to each other, here we consider the worse
one, summer. Besides, the strongest turbulence occurs
in winter, thus the case of winter should be considered.
The extinction coefficients are listed in Table II.
TABLE II. The extinction coefficients in summer and winter
in km−1.
Seasons αmolsca α
mol
abs α
aer
sca α
aer
abs
Summer 1.64× 10−4 3.35× 10−3 2.52× 10−2 5.49× 10−3
Winter 1.77× 10−4 8.56× 10−4 2.52× 10−2 5.49× 10−3
B. Transmittance: Temporal Pulse Broadening
In this section we will study the transmittance change
due to temporal pulse broadening under weak turbulence,
regardless of the beam extinction.
Temporal pulse broadening is primarily caused by two
mechanisms [29]: first, the difference in arrival time of
each individual pulse when only single scattering is af-
fecting the pulse, i.e., pulse arrival time fluctuations
(pulse wandering) which is also responsible for extra ex-
cess noise and will be further discussed in section III E,
second, the pulse spreading brought by multiple scatter-
ing process of each pulse. The combination of these two
mechanisms causes temporal pulse broadening, which can
be described by the averaged pulse intensity 〈I(r, L; t)〉,
or referred to as mean irradiance.
Without loss of generality, here we consider the tem-
poral pulse broadening of Gaussian pulse [20], whose in-
tensity has a shape of I(t) = exp(−t2/T 20 ), where
T0 =
Rdut
2fPRF
, (12)
4is the pulse half-width. Here, Rdut and frep are the
duty ratio and pulse recurrence frequency (PRF), respec-
tively. The temporal pulse broadening of Gaussian pulse
is demonstrated in FIG. 3. The temporal width of pulse
is broadened by the atmosphere, and the pulse intensity
is also attenuated.
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FIG. 3. The overall temporal pulse broadening due to pulse
spreading and wandering.
The free-space irradiance of a collimated beam under
the near-field (Ω 1) and far-field (Ω 1) approxima-
tions is given by [30]
I0(r, L; t) = exp
(
− 2r
2
W 20
)
exp
[
−2(t− L/c)
2
T 20
]
, (13)
I0(r, L; t) =T0
(
W 20
2Lc
)2
ω2T 40 + T
2
0 +
(
W0r
Lc
)2
[T 20 +
(
W0r
Lc
)2
]
5
2
× exp
[
−1
2
(ωT0W0r)
2
(LcT0)2 + (W0r)2
]
× exp
[
−2(t−
L
c − r
2
2Lc )
2
T 20
]
,
(14)
respectively, where c is the light speed in free space, ω is
the angular frequency of the light, W0 is the beam-spot
radius at the transmitter and Ω = kW 20 /2L is the Fresnel
parameter. However, since the amount of spreading and
arrival time of each pulse are different, Eq. (13) and (14)
are not able to be applied to characterize broadening in
turbulence. This is exactly why 〈I(r, L; t)〉 is required.
Under near-field assumption the mean irradiance in
weak turbulence is given by [31]
〈I(r, L; t)〉 = T0
T1
exp
(
− 2r
2
W 20
)
exp
[
−2(t− L/c)
2
T 21
]
,
(15)
where
T1 =
√
T 20 + 8a1 (16)
with a1 = 0.39C
2
nLL
5/3
0 c
−2, where L0 is the outer scale
of turbulence. The quantity T1 can be considered as es-
timation of the broadened half-width at receiver.
Under far-field assumption the mean irradiance in
weak turbulence is given as [32]
〈I(r, L; t)〉 =T
2
0
T1
(
W 20
2Lc
)2
ω2T 40 + T
2
0 +
(
W0r
Lc
)2
[T 20 +
(
W0r
Lc
)2
]
5
2
× exp
[
−1
2
(ωT0W0r)
2
(LcT0)2 + (W0r)2
]
× exp
[
−2(t−
L
c − r
2
2Lc )
2
T 21
]
.
(17)
It can be seen from Eq.(15)-(17) that the turbulence-
induced temporal pulse broadening in both near-field
and far-field approximations can be characterized by T1.
Here, we define the pulse broadening ratio as (T1−T0)/T0
which only in the femtosecond order will have a signifi-
cant impact, as indicated by FIG. 4. The outer scale on
the ground is assumed to be 0.4 m [33]. The result is for
winter whose turbulence strength is strongest.
FIG. 4. (Color Online) The pulse broadening ratio varies with
T0 at different distance in winter (from dark blue to dark red).
Now we consider the transmittance change due to tem-
poral pulse broadening. Comparing Eq.(13) and (15)
shows that pulse broadening will result in a T0/T1-fold
attenuation of the average light intensity of the received
signal, as shown in FIG. 3. The same result can be found
by comparing Eq.(14) with Eq.(17). Thus, the mean
value of pulse broadening introduced transmittance can
be expressed as
〈Tbro〉 = T0
T1
. (18)
The mean transmittance in winter is demonstrated in
FIG. 5, 〈Tbro〉 varies quickly from the femtosecond level
to the picosecond level, but after the picosecond level,
〈Tbro〉 is approximately equal to one. Therefore,
〈√
Tbro
〉
is also approximately equal to one (for details see Ap-
pendix B). In other words, the transmittance introduced
by pulse broadening is actually negligible in the regime of
5FIG. 5. (Color Online) 〈Tbro〉 varies with T0 at different dis-
tance in winter (from dark bule to dark red).
weak turbulence. However, in the regime of strong turbu-
lence, the analysis of Eq. (18) requires a large amount of
numerical calculations [34]. In Ref. [34], the results also
show that broadening is only perceptible on the order of
femtosecond in strong turbulence, i.e., the broadening-
induced transmittance approaches one, thus negligible.
Therefore, there is no need to consider the transmittance
change caused by pulse broadening in the following per-
formance analysis in section IV.
C. Transmittance: Beam wandering, broadening,
deformation and scintillation
In this subsection we will concentrate on transmittance
fluctuations (signal fading) which is primarily caused by
beam wandering, beam broadening, beam deformation,
and scintillation.
The elliptical beam model [17] well describes beam
wandering, broadening and deformation in weak and
strong turbulence, as shown in FIG. 6. However, note
that the moderate-to-strong transition regime of this
model has not been clarified yet, the corresponding per-
formance analysis of CVQKD in this regime may need
a better transmittance model. Weak, moderate and
strong turbulence correspond to σ21 < 1, σ
2
1 ≈ 1...10,
and σ21 > 10, respectively. The set {x0, y0,W1,W2, φ}
uniquely describes the elliptic spot at the receiving aper-
ture plane, where (x0, y0)
T is the beam-centroid position
which is equal to (r0 cosϕ0, r0 sinϕ0)
2, Wi, i = 1, 2, are
semiaxes of the elliptic spot, and φ ∈ [0, pi/2) is the angle
between semiaxis W1 and the x axis.
Here we define ζ = φ − ϕ0, the transmittance is then
given approximately by [17]
Tell = Tell,0 exp
−
 r0/a
R
(
2
Weff (ζ)
)
Q
(
2
Weff (ζ)
) , (19)
x
y
0r
1W 2W
a
0
x
y

FIG. 6. Elliptical beam incident on a receiving lens of radius
a after passing through the atmospheric channel.
where a is the receiving aperture radius, and specific ex-
pressions of the other parameters are shown in Appendix
C.
The transmittance Tell is a function of five real pa-
rameters, {x0, y0,Θ1,Θ2, φ}, where W 2i = W 20 exp Θi.
In the isotropic turbulence case, φ can be seen as a
uniformly distributed random variable, having no cor-
relations with other parameters. Considering 〈x0〉 =
〈y0〉 = 0, there are also no correlations among normally
distributed x0, y0, and Θi. Consequently, only 〈∆x20〉,
〈∆y20〉, 〈∆Θ2i 〉, 〈Θi〉, and 〈∆Θ1∆Θ2〉 are required to de-
termine the four-dimensional Gaussian random variable
v = (x0, y0,Θ1,Θ2)
T . The mean values and covariance
matrix elements are shown in TABLE IV (see Appendix
D).
Based on Eq.(19), Appendix C and TABLE IV, the
probability distribution of Tell can be estimated by Monte
Carlo simulations. The transmittance probability density
function (PDF) of Tell in summer on the ground is shown
in FIG. 7, with extinction involved. The receiving aper-
ture radius a and the initial beam-spot radius W0 in FIG.
7 are assumed to be 110 mm and 80 mm, respectively.
Now we consider transmittance fluctuations due to
scintillation which is not incorporated in the elliptical
beam model. The total transmittance is considered as
multiplication of Eq. (19) and transmittance due to scin-
tillations, which approximately gives a lower bound for
atmospheric CVQKD, so as to make a conservative es-
timation of performance of CVQKD. Inherently, turbu-
lence effects contained in the elliptical model and scin-
tillations should be combined together, and this will be
further investigated in the next step of our work.
The scintillation effect is illustrated by the light in-
tensity spatial distribution of the beam cross-section (see
the schematic diagram in FIG. 8). A great deal of turbu-
lent vortices contained in the cross section independently
scatters and diffracts the portion of the light impinging
thereon, such that the intensity of light at each spatial
point (irradiance) in the cross section varies randomly.
60 0.2 0.4 0.6 0.8 1
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FIG. 7. (Color Online) The probability density function of
transmittance Tell on the ground in summer at distance 5, 10,
and 15 km. Further parameters: a = 110 mm, W0 = 80 mm.
(a) (b)
FIG. 8. (Color Online) (a) The spatial distribution of the light
intensity of the beam cross-section without the scintillation
effect. (b) The spatial distribution of the light intensity of
the beam cross-section with the scintillation effect introduced.
The intensity from weak to strong corresponds to the color
from dark blue to dark red.
Over the years, many irradiance PDF models have
been proposed to characterize the randomly fading irra-
diance signal, such as lognormal distribution, K distribu-
tion, I − K distribution, lognormal-Rician distribution,
and gamma-gamma distribution [22]. These models are
proposed for different turbulence strength regimes. The
fluctuation strength is divided into weak and strong fluc-
tuations corresponding to σ21 < 1 and σ
2
1 > 1, respec-
tively. Under weak fluctuations, the lognormal distri-
bution is generally accepted, for Gaussian-beam wave it
takes the form [22]
p(I) =
1
IσI(r, L)
√
2pi
× exp
−
[
ln
(
I
〈I(r,L)〉
)
+ 12σ
2
I (r, L)
]2
2σ2I (r, L)
 ,
(20)
where r is a transverse vector, 〈·〉 is an ensemble av-
erage, σ2I (r, L) is the scintillation index (for details see
Appendix E), and 〈I(r, L)〉 is the (normalized) mean ir-
radiance (for details see Appendix G). Considering large-
scale and small-scale effects, the (normalized) irradiance
in strong fluctuation can be described by gamma-gamma
distribution [22]
p(I) =
2(αβ)(α+β)/2
Γ(α)Γ(β)
I(α+β)/2−1Kα−β
(
2
√
αβI
)
, (21)
where Γ(·) is the gamma function, Kα−β is the modi-
fied Bessel function of the second kind, α is the effective
number of large scale cells of the scattering process, and
β is the effective number of small scale cells. Both α and
β are related to the scintillation index, and detailed in
Appendix F.
Nevertheless, the distribution of irradiance only de-
scribes the intensity fluctuations at a certain spatial
point. Hence, the irradiance should be integrated within
the plane of the receiving aperture B :
Prec =
∫
B
I(r, L)dr. (22)
Now, the transmittance can be written as
Tsci =
∫
B I(r, L)dr∫
A I(r, 0)dr
(23)
where A is the plane of the transmitter aperture, and
I(r, 0) = exp(−2r2/W 20 ) is the (normalized) irradiance
at the transmitter.
Since I(r, L) is a random variable, it is quite diffi-
cult to calculate Eq.(23) directly. Here, we still apply
Monte Calro simulations to estimate Tsci. For simplic-
ity, only the scintillation and beam broadening reflected
in 〈I(r, L)〉 are considered, regardless of beam wandering
and deformation. In this case, the scintillation-induced
transmittance fluctuations is quite small, and the reduc-
tion in transmittance is primarily caused by the beam
broadening, as shown in FIG. 9. Since the scintillation-
induced transmittance fluctuation is too small, the PDF
in FIG. 9 looks just like a line. Therefore, the PDF of
transmittance at L = 10 km in the inset of FIG. 9 is
presented as an example. The PDF shape of L = 5 and
15 km are the same as the shape of L = 2 km.
D. Interruption Probability
Due to the high directivity of laser transmissions, there
exists the possibility of communication interruption when
there is a large angle-of-arrival fluctuation. The direct
reflection of angle-of-arrival fluctuations on the receiving
aperture plane is image jitter on a focal plane. When the
focus is not within the receiving fiber core, communica-
tion is interrupted at this time (see FIG. 10).
The interruption phenomenon is closely related to
beam wandering comprised in the elliptical model. How-
ever, the major concern of the elliptical beam model is
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FIG. 9. (Color Online) The probability density function of
transmittance Tsci on the ground at distance 5, 10, and 15
km. The inset shows the PDF of transmittance at L = 10
km. Further parameters: a = 110 mm, W0 = 80 mm.
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FIG. 10. (Color Online) Communication interruption due to
angle of arrival fluctuations. RL, receving lens; FC, fiber core.
the total energy collected by RL, i.e., truncation of beam
spot. It is still possible that part of the beam spot is
within RL while the focus displaced out of FC, as illus-
trated in Fig. 11. At this point, if only the elliptical
beam model is involved, the signal transmission will still
be considered as successful, but in fact not. Thus, the
consideration of communication interruption is necessary.
Due to the close relationship between beam wandering
and interruption, the statistics of them should be the
same, that is, βa is Gaussian distributed.
Assuming the mean value of arriving angle 〈βa〉 = 0
and βa is small enough so that sinβa ∼= βa, the variance
of βa can be written as
〈β2a〉 =
〈
∆x20
〉
L2
, (24)
where
〈
∆x20
〉
is further expressed in TABLE IV. The rms
image displacement is then given as
Ldis = f
√
〈β2a〉 (25)
where f is the focal length of the collecting lens.
Collected 
Energy
Leaked 
Energy
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RL
FC
FIG. 11. (Color Online) Relation between the elliptical beam
model and communication interruption.
Since βa is normally distributed, the focus displace-
ment is also normally distributed. Thus, the communi-
cation interruption probability can be expressed as
P = 1−
∫ dcor/2
−dcor/2
1√
2pi〈β2a〉f
exp
( −l2
2f2〈β2a〉
)
dl, (26)
where dcor is the diameter of the fiber core in meters.
A typical single-mode optical fiber has a core diameter
from 8.3 to 10.5 µm. Here, as an illustration, we assume
that the core diameter is 9 µm, f = 220 mm, a = 110
mm, and W0 = 80 mm. The interruption probability is
shown in Fig. 12.
2 4 6 8
0
0.02
0.04
0.06
0.08
0.1
0.12
8 9 10
0
2
4 10
-3
FIG. 12. (Color Online) The communication interruption
probability of four seasons varies with distance. The inset
shows probability of spring and summer from 8 to 10 km.
Further parameters: fiber core diameter 9 µm, f = 220 mm,
a = 110 mm, and W0 = 80 mm.
E. Excess Noise
In this subsection we will focus on pulse arrival time
fluctuations observed by a fixed observer (see FIG. 13).
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FIG. 13. (Color Online) The arrival time fluctuation causes
the LO and signal not to be aligned in time domain when
interfering.
This effect may bring extra excess noise by causing phase
fluctuations.
The pulse arrival time between the LO and signal ∆t is
now a random variable. To clarify ∆t, we first investigate
the arrival time of a single pulse ta. The mean value and
variance of ta are given by [31]
〈ta〉 =
〈
M (1)
〉〈
M (0)
〉 , 〈t2a〉 = 〈M (2)〉〈M (0)〉 , σ2ta = 〈t2a〉 − 〈ta〉2, (27)
where〈
M (n)
〉
=
∫ ∞
−∞
tn 〈v0(r, L; t)v∗0(r, L; t)〉dt (28)
is the n-th moment with the complex envelope v0(r, L; t).
Under weak turbulence, near-field and far-field approxi-
mations, the mean value and on-axis variance of arrival
time is given by [20]
〈ta〉 = L
c
, σ2ta =
T 21
4
, (29)
where T1 is given in Eq.(16). The on-axis variance of
strong turbulence is deduced by [34].
Now we define the random variable ∆t as
∆t = tLO − tsig, (30)
where tLO = 〈ta〉+∆tLO and tsig = 〈ta〉+∆tsig are shown
in FIG. 13. This directly leads to
∆t = ∆tLO −∆tsig, (31)
where ∆tLO and ∆tsig are random variables with mean
value zero and variance σ2ta. Thus,
〈∆t〉 = 0, σ2∆t = 2(1− ρta)σ2ta, (32)
where 〈∆t〉 and σ2∆t are the mean value and variance of
∆t, respectively. Here ρta is the correlation coefficient
between ∆tLO and ∆tsig.
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FIG. 14. (Color Online) The excess noise caused by phase
fluctuations.
Now we can deduce the variance of phase fluctuation
with Eq.(32)
σ2θ = ω
2σ2∆t, (33)
where ω is the angular frequency of light mentioned in
Eq.(14). When the phase fluctuation is small enough, the
excess noise can be expressed as [25]
εθ = VAσ
2
θ , (34)
where VA = V − 1 is the modulation variance of Alice.
FIG. 14 shows the excess noise varies with distance L.
Here we consider that fPRF = 100 MHz, Rdut = 10%,
ρta = 1 − 10−13, and VA = 2 in shot noise unit (SNU).
With such a high correlation coefficient and weak turbu-
lence condition, phase excess noise can eventually reach
an acceptable level, which is hard to achieve in practice.
The phase compensation method for fiber CVQKD [35]
can compensate small phase fluctuations, but it is not
applicable to atmosphere CVQKD whose phase fluctua-
tions is very large. Therefore, we hope that an effective
phase compensation method for atmospheric CVQKD
will be proposed in the future. It is also worth noting
that the turbulence-induced phase excess noise may be
more readily to be decreased, if a non-pilot aided ”local”
LO scheme, which does not require reference pulses or
pilot, e.g. the experiment [14], is successfully applied in
GMCS CVQKD. This is because only the arrival time of
the signal is fluctuant, whereas the LO is not transmitted
through the channel. Unfortunately, in this scheme, part
of signal would be split off to lock phase. This operation
would bring extra noise and decrease total detection effi-
ciency in a complete experiment. Therefore, it would be
a trade-off between the simultaneous transmission and
”local” LO scheme.
IV. PERFORMANCE ANALYSIS
In this section, we will combine the results of section
II and III to analyze the achievable final key rate.
9The Monte Carlo method is applied to estimate the
secret key rate in Eq.(8). Since the excess noise caused
by phase fluctuations can not yet be accurately compen-
sated, it is quite difficult to estimate the practical excess
noise after using different effective compensation meth-
ods. Thus, here we do not consider the phase excess noise
that changes with atmospheric conditions for the time be-
ing, but we still examine the achievable key rate under
different fixed excess noise level, namely ε = 0.01 and
ε = 0.03 in SNU. And as explained at the end of section
III B, the temporal pulse broadening will not be consid-
ered in this section. The extinction coefficients used are
listed in TABLE II and all other parameters needed in
performance analysis are presented in TABLE III.
TABLE III. The parameters setting for performance analysis.
Parameters Values Description
a 110 mm Receiving lens radius
W0 80 mm Transmitting lens radius
f 220 mm Focal length of receiving lens
dcor 9 µm Fiber core diameter
l0 4 mm Inner scale of atmosphere
L0 0.4 m Outer scale of atmosphere
λ 1550 nm Laser wavelength
VA 2 SNU Modulation variance
υel 0.01 SNU Electronic noise
ε 0.01; 0.03 SNU Excess noise
η 60% Detection efficiency
β 90% Reconciliation efficiency
The secret key rate with ε = 0.01 SNU is demonstrated
in FIG. 15(a). As we can see, the transmission distance
of system using homodyne detection is longer than het-
erodyne detection, but not much. Now we increase the
excess noise to ε = 0.03 SNU, as depicted in FIG. 15(b).
Compared with FIG. 15(a), the achievable transmission
distance of is obviously shorter.
The performance analysis conducted in this section in-
dicates several key points. First, homodyne detection
should be applied to practical systems if farther trans-
mission distance is demanded, otherwise, heterodyne pro-
vides higher achievable key rate at short distance. Here,
especially, the heterodyne case deserves attentions, since
only the no-switching protocol [36] had been proven to
against general attacks in a realistic finite-size regime
[37, 38]. Second, we found that the transmittance fluc-
tuations are destructive to the key rate. Accordingly, in
practical experiments, the main effort should be devoted
to inhibiting the effects of beam wandering, broadening
and deformation. Third, since the impact of excess noise
is quite significant, and the phase excess noise would be
much more than 0.03, effective methods of controlling
phase excess noise are needed to increase the secret key
rate. It is noteworthy that our performance analysis was
conducted on the assumption that there is no enhance-
ment technique, such as adaptive optics [14, 39] and post
selection [19]. Adaptive optics are shown to be cable of
relieving signal fading [40], correcting wavefront and im-
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FIG. 15. (Color Online) The secret key rate as a function of
distance for homodyne and heterodyne in summer and winter.
(a) ε = 0.01. (b) ε = 0.03.
proving fiber coupling efficiency [41]. The incoming result
of post selection is, actually, increasing 〈T 〉 by discard-
ing data when instantaneous transmittance is too low.
These methods or techniques can directly or indirectly
weaken atmospheric effects. Therefore, the performance
of practical systems may be better than the results shown
in this paper. We expect that phase compensation tech-
niques for atmospheric CVQKD can also be proposed so
that the phase excess noise can be reduced to a negligible
level.
V. CONCLUSION
We analyzed atmospheric effects on the horizontal
CVQKD links on the Earth’s surface, thus establishing
a transmission model, which can help the performance
assessment of practical CVQKD systems. The newly de-
rived key rate formulas for fading channels with detection
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efficiency and noise considered shows that there are three
main parameters that affect the final key rate: the trans-
mittance, interruption probability and excess noise. The
transmittance change caused by temporal pulse broaden-
ing under weak turbulence regime is found to be negligi-
ble. Transmittance fluctuations caused by beam wander-
ing, broadening, deformation, and scintillation make the
final key rate deteriorated rapidly. Angle-of-arrival fluc-
tuations may cause communication interruptions which
leads to a more obvious decline in the key rate over long-
distance transmission. The phase excess noise caused by
pulse arrival time fluctuation is found to be quite large.
We found, in fading channels, systems employing homo-
dyne detection can transmit far more distances than het-
erodyne detection, while employment of heterodyne de-
tection at short-range transmission has a higher key rate
than homodyne detection.
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Appendix A: the Symplectic Eigenvalues of the
Holevo Quantity
The symplectic eigenvalues λ1,2 can be calculated for
both homodyne and heterodyne detection by
λ21,2 =
1
2
[
A±
√
A2 − 4B
]
, (A1)
with
A =V 2
(
1− 2〈
√
T 〉2
)
+ 2〈
√
T 〉2
+ 〈T 〉2 (V + 1/〈T 〉 − 1 + ε)2 ,
B =
[
V 2var
(√
T
)
+ 〈
√
T 〉2
+ 〈T 〉V (1/〈T 〉 − 1 + ε)
]2
,
(A2)
where var
(√
T
)
= 〈T 〉 − 〈√T 〉2 is the variance of √T .
Then, λ3,4,5 are the symplectic eigenvalues of covariance
matrix γmBAFG, which can be expressed as
γmBAFG = γAFG − γh, (A3)
where γh = σTAFGB2HσAFGB2 . For homodyne, H
hom =
(XγB3X)
MP, where X = diga(1, 0) and MP represents
Moore-Penrose pseudo-inverse, for heterodyne, Hhet =
(γB3 + I)−1. The covariance matrix of four modes
γAFGB3 =
(
γAFG σ
T
AFGB2
σAFGB2 γB3
)
(A4)
comprises all the elements. To simplify the results of
Eq.(A3), we define elements of Eq.(4) as
a =V,
b =〈
√
T 〉
√
V 2 − 1,
c =〈T 〉(V + 1/〈T 〉 − 1 + ε),
(A5)
then we can deduce
γAFG =
 aI b√1− ησz 0b√1− ησz [(ν − c)η + c]I √η(ν2 − 1)σz
0
√
η(ν2 − 1)σz νI

(A6)
for both homodyne and heterodyne detection, and
γhom =
1
(c− ν)η + ν
γhom1−1 γhom2−1 γhom3−1γhom2−1 γhom2−2 γhom3−2
γhom3−1 γ
hom
3−2 γ
hom
3−3
 , (A7)
with
γhom1−1 = b
2ηX,
γhom2−2 = (c− ν)2η(1− η)X,
γhom3−3 = (1− η)(ν2 − 1)X,
γhom2−1 = bη(c− ν)
√
1− ηX,
γhom3−1 = −b
√
η(1− η)(ν2 − 1)X,
γhom3−2 = −(c− ν)(1− η)
√
η(ν2 − 1)X,
(A8)
for homodyne case, where ν = 1 + υel/(1 − η) and X =
diag(1, 0), while for heterodyne case
γhet =
1
(c− ν)η + ν + 1
γhet1−1 γhet2−1 γhet3−1γhet2−1 γhet2−2 γhet3−2
γhet3−1 γ
het
3−2 γ
het
3−3
 , (A9)
with
γhet1−1 = b
2ηI,
γhet2−2 = (c− ν)2η(1− η)I,
γhet3−3 = (1− η)(ν2 − 1)I,
γhet2−1 = bη(c− ν)
√
1− ησz,
γhet3−1 = −b
√
η(1− η)(ν2 − 1)I,
γhet3−2 = −(c− ν)(1− η)
√
η(ν2 − 1)σz,
(A10)
where ν = 1 + 2υel/(1 − η). Substituting Eq.(A6), (A7)
and (A9) into Eq.(A3) yields the final result of γmBAFG.
Then, we can calculate λ3,4,5 through γ
mB
AFG. The sym-
plectic eigenvalues λ3,4 can take the same form as
λ23,4 =
1
2
[
C ±
√
C2 − 4D
]
(A11)
for both homodyne and heterodyne case, while λ5 is
found to be 1. Specifically, C and D for homodyne and
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FIG. 16. The relationship between
√
Tbro and Tbro. The inset
shows the details of the relationship from Tbro = 0.9 to 1.
heterodyne case can be expressed as
Chom =
Aχhom + a
√
B + c
c+ χhom
,
Dhom =
√
B
a+
√
Bχhom
c+ χhom
,
(A12)
and
Chet =
Aχ2het + 2χhet(a
√
B + c) +B + 2b2 + 1
(c+ χhet)2
,
Dhet =
(
a+
√
Bχhet
c+ χhet
)2
,
(A13)
respectively, where χhom = (1 − η + υel)/η and χhet =
(2−η+2υel)/η stand for the detection-added noise (SNU)
of homodyne and heterodyne detection, respectively.
Appendix B: the Estimation of
〈√
Tbro
〉
In this appendix we estimate the value of
〈√
Tbro
〉
when 〈Tbro〉 ∼= 1.
Although both
√
Tbro and Tbro are random variables,
the relationship between them can be determined, as
shown in FIG. 16. Since 〈Tbro〉 ∼= 1 and Tbro ≤ 1, only
the area around Tbro ∼= 1 needs to be considered. We
can see from the inset in FIG. 16 that when Tbro ∼= 1,
the relationship between
√
Tbro and Tbro is approximately
linear, namely, √
Tbro ∼= kbroTbro + cbro, (B1)
where kbro is the slope and cbro is a constant, and there
exists the relationship kbro + cbro = 1 which can be ob-
tained by setting Tbro = 1 in Eq. (B1). This immediately
leads to 〈√
Tbro
〉 ∼= kbro 〈Tbro〉+ cbro. (B2)
With 〈Tbro〉 ∼= 1, we can come to the conclusion that〈√
Tbro
〉 ∼= 1.
Appendix C: the Parameters of Tell
Weff(ζ) is the effective squared spot radius expressed
as
Weff(ζ) =2a
[
W
(
e(a
2/W 21 )[1+2 cos
2 ζ]
× 4a
2
W1W2
e(a
2/W 22 )[1+2 sin
2 ζ]
)]− 12 (C1)
with the Lambert W function W(·) [42]. Tell,0 is the
transmittance of the centered beam (r0 = 0) given as
Tell,0 =1− I0
(
a2
[
1
W 21
− 1
W 22
])
e
−a2
(
1
W21
+ 1
W22
)
− 2
{
1− exp
[
−a
2
2
(
1
W1
− 1
W2
)2]}
× exp
−
 (W1+W2)2W 21−W 22
R
(
1
W1
− 1W2
)
Q
(
1
W1
− 1W2
) ,
(C2)
with the modified Bessel function of ith order Ii(ξ), the
scale function
R(ξ) =
[
ln
(
2
1− exp(−a2ξ2/2)
1− exp(−a2ξ2)I0(a2ξ2)
)]− 1
Q(ξ)
(C3)
and the shape function
Q(ξ) =2a2ξ2
exp(−a2ξ2)I1(a2ξ2)
1− exp(−a2ξ2)I0(a2ξ2)
×
[
ln
(
2
1− exp(−a2ξ2/2)
1− exp(−a2ξ2)I0(a2ξ2)
)]−1
.
(C4)
Appendix D: Mean Values and Covariance Matrix
Elements of v
The mean values and covariance matrix elements of
v is shown in TABLE IV, where Ω = kW 20 /2L is the
Fresnel parameter, and γ = (1 + Ω2)/Ω2. These mean
values and elements are given for horizontal links.
Appendix E: Scintillation Index for Weak
Turbulence
The scintillation index can be expressed as [22]
σ2I (r, L) = σ
2
I,r(r, L) + σ
2
I (0, L), (E1)
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TABLE IV. Mean values and elements of the covariance ma-
trix of v for horizontal link.
Weak Turbulence
〈Θ1,2〉 ln
[
(1+2.96σ21Ω
5/6)
2
Ω2
√
(1+2.96σ21Ω5/6)
2
+1.2σ21Ω
5/6
]
〈∆x20〉,〈∆y20〉 0.33W 20 σ21Ω−7/6
〈∆Θ21,2〉 ln
[
1 +
1.2σ21Ω
5/6
(1+2.96σ21Ω5/6)
2
]
〈∆Θ1∆Θ2〉 ln
[
1− 0.8σ21Ω5/6
(1+2.96σ21Ω5/6)
2
]
Strong Turbulence
〈Θ1,2〉 ln
 (γ+1.71σ12/51 Ω−1−2.99σ8/51 Ω−1)2√(
γ+1.71σ
12/5
1 Ω
−1−2.99σ8/51 Ω−1
)2
+3.24γσ
12/5
1 Ω
−1

〈∆x20〉,〈∆y20〉 0.75W 20 σ8/51 Ω−1
〈∆Θ21,2〉 ln
[
1 +
13.14γσ
12/5
1 Ω
−1(
γ+1.71σ
12/5
1 Ω
−1−2.99σ8/51 Ω−1
)2
]
〈∆Θ1∆Θ2〉 ln
[
1 +
0.65γσ
12/5
1 Ω
−1(
γ+1.71σ
12/5
1 Ω
−1−2.99σ8/51 Ω−1
)2
]
where σ2I,r(r, L) and σ
2
I (0, L) are radial and longitudinal
component respectively.
Considering Kolmogorov spectrum, the radial compo-
nent has a simple form
σ2I,r(r, L) = 2.65σ
2
1Λ
5/6
[
1
− 1F1
(−5/6; 1; 2r2/W 2) ], (E2)
where 1F1(a; b;x) is the confluent hypergeometric func-
tion, and the longitudinal component is given as
σ2I (0, L) = 3.86σ
2
1Re
[
− 11/16× Λ5/6
+ i5/6 2F1
(−5/6, 11/6; 17/6; Θ¯ + iΛ) ], (E3)
where 2F1(a, b; c;x) is the hypergeometric function.
The beam parameters in Eq.(E2) and (E3) are defined
by
Θ =
Ω2
1 + Ω2
, Λ =
Ω
1 + Ω2
Θ¯ = 1−Θ, W = W0√
1 + Ω−2
.
(E4)
There is also a approximate form
σ2I (r, L) ≈ 4.42σ21Λ5/6
r2
W 2
+ 3.86σ21
{
− 11
16
Λ5/6
+ 0.4
[
(1 + 2Θ)2 + 4Λ2
]5/12
cos
[
5
6
tan−1
(
1 + 2Θ
2Λ
)]}
(E5)
if needed. In this paper, Eq. (E2) and (E3) are applied
in calculations.
Appendix F: Scintillation Index for Strong
Turbulence
The scintillation index still comprises radial and lon-
gitudinal component as indicated in Eq. (E1).
The radial component can be expressed as
σ2I,r(r, L) = 4.42σ
2
1Λ
5/6
e
r2
W 2e
, r < We (F1)
when the outer scale is not very large, where
We = W
√
1 + 1.63σ
12/5
1 Λ, Λe = 2L/kW
2
e (F2)
represent the effective beam parameters. However, the
radial component in Eq.(F1) is quite sensitive to outer-
scale effects when the outer scale is large enough, and it
is given as
σ2I,r(r, L) = 4.42σ
2
1Λ
5
6
e
[
1− 1.15
(
ΛeL
kL20
) 1
6
]
r2
W 2e
, (F3)
where L0 is the outer scale.
The longitudinal component is given by
σ2I (0, L) = exp
(
σ2ln x + σ
2
ln y
)− 1, (F4)
where σ2ln x and σ
2
ln y are large-scale and small-scale log-
irradiance variances, respectively. Here exists the rela-
tions
α =
[
exp(σ2ln x)− 1
]−1
(F5)
β =
[
exp(σ2ln y)− 1
]−1
(F6)
where α and β are the effective number of large scale and
small scale cells in gamma-gamma distribution Eq.(21),
respectively. When inner scale and outer scale effects
are both involved, the longitudinal component can be
expressed as
σ2I (0, L) = exp
[
σ2ln x(l0)− σ2ln x(L0)
+ σln y(l0)
2
]− 1. (F7)
where σ2ln x(l0) with inner scale l0 is given by
σ2ln x(l0) = 0.49σ
2
1
(
1
3
− 1
2
Θ¯ +
1
5
Θ¯2
)(
ηxQl
ηx +Ql
) 7
6
×
[
1 + 1.75
√
ηx
ηx +Ql
− 0.25
(
ηx
ηx +Ql
) 7
12
]
(F8)
and
1
ηx
=
0.38
1− 3.21Θ¯ + 5.29Θ¯2
+ 0.47σ21Q
1
6
l
( 1
3 − 12 Θ¯ + 15 Θ¯2
1 + 2.2Θ¯
) 6
7
,
(F9)
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where Ql = 10.89L/kl
2
0. Similar to σ
2
ln x(l0), the σ
2
ln x(L0)
is given as
σ2ln x(L0) = 0.49σ
2
1
(
1
3
− 1
2
Θ¯ +
1
5
Θ¯2
)(
ηx0Ql
ηx0 +Ql
) 7
6
×
[
1 + 1.75
√
ηx0
ηx0 +Ql
− 0.25
(
ηx0
ηx0 +Ql
) 7
12
]
(F10)
where ηx0 = ηxQ0/(ηx +Q0), and Q0 = 64pi
2L/kL20 is a
nondimensional outer-scale parameter. The small-scale
log-irradiance variance σ2ln y(l0) can be written as
σ2ln y(l0) =
0.51σ2G(
1 + 0.69σ
12/5
G
)5/6 (F11)
where σ2G is the weak fluctuation scintillation index and
can be written as
σ2G = 3.86σ
2
1
{
0.4
[(1 + 2Θ)2 + (2Λ + 3/Ql)
2]
11
12√
(1 + 2Θ)2 + 4Λ2[
2.61
[(1 + 2Θ)2Q2l + (3 + 2ΛQl)
2]
1
4
sin
(
4
3
ϕ2 + ϕ1
)
− 0.52
[(1 + 2Θ)2Q2l + (3 + 2ΛQl)
2]
7
24
sin
(
5
4
ϕ2 + ϕ1
)
+ sin
(
11
6
ϕ2 + ϕ1
)]
− 13.4Λ
Q
11
6
l [(1 + 2Θ)
2 + 4Λ2]
− 11
6
[(
1 + 0.31ΛQl
Ql
) 5
6
+
1.1(1 + 0.27ΛQl)
1
3
Q
5
6
l
− 0.19(1 + 0.24ΛQl)
1
4
Q
5
6
l
]}
,
(F12)
and
ϕ1 = tan
−1
(
2Λ
1 + 2Θ
)
, (F13)
ϕ2 = tan
−1
[
(1 + 2Θ)Ql
3 + 2ΛQl
]
. (F14)
Appendix G: the Mean Irradiance
The (normalized) mean irradiance can be approxi-
mated by the Gaussian function [22]
〈I(r, L)〉 = W
2
0
W 2e
exp
(−2r2/W 2e ) , (G1)
where r is the distance from the beam center line in the
transverse direction, and We is a measure of the effective
beam spot size given by
We =
W
√
1 + 1.33σ21Λ
5
6 , weak fluctuations
W
√
1 + 1.63σ
12
5
1 Λ, strong fluctuations
.
(G2)
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